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Gravity can arise in a conventional non-Abelian gauge the- 
ory in which a specific phenomenon takes place. Suppose there 
is a condensation of polarized instantons and antiinstantons in 
the vacuum state. Then the excitations of the gauge field in 
the classical approximation are described through the variables 
of Riemann geometry satisfying the Einstein equations of gen- 
eral relativity. There are no dimensional coupling constants in 
the theory. 
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In this work I want to demonstrate that conventional 
gauge theory can provide the basis for gravity. The the- 
ory under consideration is the usual non-Abehan gauge 
field theory R] dealing exclusively with particles of spin 
0; 1/2 and 1. There are no gravitons on the basic level. 
Space-time is fundamentally flat. There are no dimen- 
sional coupling constants in the theory. 

Obviously there must appear something nontrivial in 
the usual gauge theory which yields the gravitational ef- 
fect. This is a specific phenomenon in which instantons 
B play a crucial role. Generally speaking an instanton 
may be oriented arbitrarily. Let us assume that the vac- 
uum state possesses a condensate of instantons with a 
specific property: the instantons belonging to this con- 
densate have a preferred orientation. We shall call them 
"polarized" instantons. More precisely we suppose the 
existence of two condensates. One condensate consists of 
polarized instantons belonging to some su{2) sub-algebra 
of the gauge algebra. The other is a condensate of po- 
larized antiinstantons belonging to some other su{2) sub- 
algebra of the gauge algebra. We shall call this property 
the Instanton- Antiinstanton Polarization (lAP). 

Suppose that there is a non-Abelian gauge theory in 
which there is lAP in the vacuum state. Then this theory 
is shown to describe the effects of gravity. Gravity arises 
due to a smooth variation of the orientation of the con- 
densates of instantons and antiinstantons in space-time. 
The main quantities which describe gravity - the metric, 
Christoffel symbols, Riemann tensor - are functions of the 
gauge field. The Einstein equations of general relativity 
are shown to arise as a classical approximation for this 
gauge theory. These statements are valid on the classical 
level only. The basic quantum theory is the theory of the 
gauge field in fiat space-time. The possibility of construct- 
ing a gauge theory with the lAP is not discussed in this 
paper, - it needs special consideration. 

The mathematical resemblance between the variables 
in general relativity and in gauge theories is well known, 
see [3]. In [4] there was developed the approach which 
in some cases helps to clarify this resemblance. Certainly 
there are distinctions. The most important for our con- 
sideration are the following: 

i. General relativity is invariant under the local Lorentz 
transformations. The Lorentz group is non-compact. In 



contrast to that the successful gauge theories are based 
upon a compact group of gauge transformations, 
ii. The Lagrangian for the gravitational field in general 
relativity is linear with respect to the Riemann tensor (de- 
fined in accordance with [pi) 
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while the Lagrangian for the gauge field is quadratic with 
respect to F^J^, 
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The obvious resemblance between the Riemann tensor and 
the strength of a gauge field does not manifest itself on 
the level of the Lagrangians.This distinction makes the 
classical equations of motion in the two theories to be 
quite different. In gravity theories with higher covariant 
derivatives, see pi, the Lagrangian is more sophisticated 
then in Eq.(|lJ), but still the linear in Rxp^i, term plays a 
role, preventing the gravity Lagrangian to be equal to the 
Yang-Mills Lagrangian. 

iii. The basic quantity in general relativity is the metric, 
the Christoffel symbols P^^ being derived from it. On 
the other hand in gauge theories the vector potential A|f 
plays the major role. Again, the resemblance between 
the Christoffel symbols and the vector potential is not 
manifested in the dynamical properties of the two theories. 

We will see that lAP is a remedy which sweeps away all 
these distinctions. The first question to be addressed is the 
gauge group. The local Lorentz group is characterized by 
six parameters. If a gauge theory is believed to describe 
the effects of gravity then the number of parameters of 
the gauge group is to be six (or more) . The simplest com- 
pact group with six parameters is SO (4). Therefore let us 
consider the usual SO (4) gauge theory with the conven- 
tional Lagrangian which includes the term (0) describing 
the non-Abelian gauge field. Gauge theories may differ 
in the number of generations of the scalars and fermions, 
their masses and coupling constants which results in a va- 
riety of properties of the theories. In this work we assume 
that among these theories there exists a gauge theory with 
the necessary property - lAP. 

The considered gauge algebra so@j is the direct sum 
of two su(g), so(^ — su@i -I- su(g). We can choose the 
generators for one su@j to be {—l/2)riaij and the gener- 
ators for the other to be (—l/2)fjaij, and refer to these 
algebras as 5^(^)77 and su(y)7;. Here riaij,f]aij are the 't 
Hooft symbols, a = 1, 2, 3, zj = 1, • • • , 4. The strength of 
the gauge field in this notation is 



i^ = -(l/2)(F^77„,+i^,f?„,), 



(3) 



where f^^, belongs to SM(||)r7 and F^^, belongs to su(||)77. 
We assume that there is a condensate of polarized in- 
stantons belonging to su(y)77 and a condensate of polar- 
ized antiinstantons belonging to su(y)7/. Now let us con- 
sider the interaction of the sufficiently weak and slowly 



varying gauge field with this polarized state. From now 
on the Euclidean formulation is used. The interaction of 
one instanton with a smoothly varying weak field was con- 
sidered in Ref. 0, see also Q. For the case of the SU{2) 
gauge group the effective action describing this interaction 
is 



S,ns = (27rVV5') riat^.F^Cai, , 
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where p is the radius of instanton, and Cab G 5*0(3) is 
a matrix describing the orientation of the instanton. The 
bar over Fj^j^ reminds us that the instanton under consider- 
ation belongs to su(g)^. Eq.(Q) remains valid for the anti- 
instanton as well if we substitute r^a^i/ — > Vat^u, F^v ~^ Fj^,^, 
and Cab -^ Cab, where Cab € 5*0(3) is a matrix describing 
the orientation of the antiinstanton. 

Now let us apply this result to the vacuum with ZAP. If 
we suppose the dilute gas approximation for the polarized 
instantons and antiinstantons to be valid then from Eq.(|4|) 
with the help of Eq. (g) we deduce that the interaction of 
the slowly varying weak field with this vacuum is described 
by the Lagrangian 

^ = -{Vaf^^VbijMab + fjaf_,ufjbi]Mab)F^^i . (5) 

Here Mab, Mab are defined as 



Mab = 7r^ {{l/g^)pMp,C)Cab) , 
Mab = 7r^ {{l/g^)pMp,C)Cab) , 
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where n(p, C) is the concentration of the su(2)fi instantons 
with radius p and orientation given by the matrix Cab, and 
n{p, C) is the concentration of the su(2)r] antiinstantons 
with orientation given by the matrix Cab- The brackets 
( ) in (||) , (|^) describe the average over microscopic fluctu- 
ations of the gauge field. The existence of lAP means that 
there are condensates of polarized su(2)fi instantons and 
su{2)rj antiinstantons which give the nonzero contribution 
to the right-hand sides of (pi), (0) 
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where O^^'"* G 50(3) is the matrix describing the ori- 
entation of the condensate of polarized instantons and 
C'ab"'' S 50(3) is the matrix describing the orientation 
of the condensate of polarized antiinstantons. The con- 
stants /, / characterize the intensity of these condensates. 
We will suppose them to be equal, and hence / = /. 

It is useful to present the matrixes O^™"^ , O^™'^ with the 
help of a matrix h^^ e 50(4) which satisfies the equations 

h'^'h^'flaki = CT^Vuj , h'^'^'nau = Cir^f^u, , (9) 

and describes the orientation of the condensate of instan- 
tons and antiinstantons. 

Substituting Eqs.(||),(||) into Eq.(||) and using the iden- 
tity [| 

one finds that the Lagrangian (^ may be written as 

ACym = -fh^^'hP''F% . (11) 

Remember that the Latin letters i,j label the indexes of 
variables in the isotopic space while the Greek letters /x, v 



label the indexes in the coordinate space. The symbols 
rjaij play a role of the generators of the gauge transforma- 
tions, see Eq.(p|), while the symbols rja^v describe the ori- 
entation of instantons in the coordinate space, see Eq.(H). 
Eq. ( Iiol ) gives a match between the indexes of isotopic and 
coordinate spaces. It makes it useful to consider the ma- 
trix ft,*'' in Eq.(|ll|) with one Latin index and one Greek 
one. This matrix plays a role of the order parameter of 
the problem. 

From Eq.([ll[) one deduces that there appears the cor- 
responding term in the action: 
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This action is invariant under two types of transforma- 
tions. First, it preserves gauge symmetry. Gauge trans- 
formations have a form 

F;^1 = U'^{x)W\x)F^i , h"^' = U'''(x)h''^ . (13) 

Second, it is invariant under the transformations of the 
coordinates x^^ -^ x''^ 
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The factor det /i(= det/i* where ft' denotes the matrix 



inverse to ft*'' : ft'''ft^ = 5ij) in Eq.(p^) compensates 



for the variation of the volume cf^x due to the identity 
det ft = det [dxP/dx'% which follows from Eq.(|l|). 

Up to now we assumed the condensate to be homo- 
geneous and the matrix ft*'' was considered as a global 
orthogonal matrix, ft*'' £ 50(4). This is true for some 
particular coordinate frame and particular gauge condi- 
tion, see (p^,(14). Similar consideration may be fulfilled 
for the case of the non-homogeneous condensate as well. 
In this case the order parameter may be shown to be de- 
scribed by the matrix ft*''(a;) as well, but there are two 
important distinctions. First, the matrix ft''' (a;) varies in 
space. For non-homogeneous condensate this variation is 
nontrivial, i.e. it can not be eliminated with the help of 
the transformations ([l3|) , (|l4|) . Second, ft*''(a;) is an arbi- 
trary matrix having 16 independent parameters. 

Consider the interaction of a weak and smooth gauge 
field with the non-homogeneous condensate which also 
varies smoothly in space. Then it may be shown that this 
interaction is described by the same action (|2|) assuming 
that ft*'* = ft*'' (a:) is a function of x. A simple argument 
in favour of this result is a fact that locally, at any point 
xq, the order parameter ft*''(a;o) may be transformed with 
the help of the coordinate transformation (n^) to be an 
orthogonal matrix ft'''(a;o) G 5*0(4). Then the expres- 
sion (O) for the Lagrangian is valid in the vicinity of Xq . 
The point xq is arbitrary, therefore we can integrate the 
Lagrangian evaluating the action (p^). 

The action ( p^ ) depends on the vector potential A^ {x) 
and the matrix ft''' (a;). A'^(a;) is a slowly varying vec- 
tor potential having the trivial topological structure (at 
least on the microscopic level). In contrast to that ft''' (a) 
describes the orientation of polarized instantons and an- 
tiinstantons which are the degrees of freedom of the field 
with nontrivial topological structure. This allows us to 
consider A'^(a;) and ft''' (a) as separate variables. Note 
that for the considered weak field the term quadratic in 



-F?^ given by the Lagrangian (0) is much smaller com- 
pared to the linear term (E2h. Therefore we can neglect 
the action coming from Lagrangian (0). 

The weak and smooth nature of the field permits one 
to use the classical approximation: 

SiAS)/djV^ = , (f5) 

6{AS)/Sh"' = . (16) 

Eq.(|l5|) gives the relation between /i*^ and A^f 
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Here V^ is the covariant derivative in the gauge field 
C^ fj.Y'' = '^ijdfj.+A'^J ■ In order to present Eq.(pT|) in a more 
convenient form let us define three quantities, g^iiyj^aiyi 



and R^^^: 



R^ = h'^^h^ F^^ 



(18) 
(19) 
(20) 



Remember that the space-time under consideration is 
basically flat and Eqs.([l8l),(|l|),(|20l) define the left-hand 
sides. 

From (fiq),(p9|) we find that Eq.(O) may be presented in 
,of„.^. ^, rT = (l/2){df,gau+dugap.-dagp.,.)- demon- 



the form: 
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strating that we may consider g^i, as a metric and T^^, as 



a Christoffel symbol. Moreover, one finds that the quan- 
?A ;„+^„^„„Q^ ;„ TTr, pQl) turns out to be equal to 



tity -Rp^j, introduced in Eq. 
the Riemann tensor: Rp^^ ■ 

pA p{T 
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Considering now the second classical equation 
( |16| ) one verifies with the help of Eqs.(|l^),(po|) that it re- 
sults in the Einstein equations of general relativity in the 
absence of matter: R^^ — {l/2)gp^R = 0. 

We come to the important conclusion. If lAP takes 
place in the SO(Q) gauge theory then the classical ap- 
proximation for this gauge theory may be described via 
the variables of Riemann geometry for which the Einstein 
equations are valid. These equations imply in particular 
that there exist gravitational waves. That is a pleasant 
surprise since the initial gauge theory possesses no gravi- 
ton on the basic level. Graviton appears due to excitation 
of the condensate of instantons and antiinstantons. 

Consider the action (na) when the classical Eq. (Ila) is 
valid. It is clear from (|l^),(p^,(|2C|) that it is identical to 
the Lagrangian of general relativity (1^) . The gravitational 
constant turns out to be 
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This relation shows that a radius and separation of in- 
stantons which give the contribution to the constant /, 
see Eqs.(||),(^), are comparable to the Plank radius. 

We see how the distinctions (i), (ii), (iii) discussed at the 
beginning of the paper are eliminated by lAP. The major 
problem is (i) , the compactness of the group of local trans- 
formations. lAP solves it in a peculiar manner. The vari- 
ables of the gauge theory are expressed, see (|l8|) , (|l9|) , (po|) , 
via the variables of Riemann geometry. This geometry 
deals with the invariance with respect to transformations 
of a local reference frame. These transformations may be 
continued from Euclidean to Minkowsky space. 



